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ABSTRACT OF THESIS 
 
 
 
 
SURFACE WAVE SCATTERING FROM METALLIC NANO PARTICLES: 
THEORETICAL FRAMEWORK AND NUMERICAL ANALYSIS 
 
Recent advances in nano technology have opened doors to several next generation 
devices and sensors. Characterizing nano particles and structures in a simple and 
effective way is imperative for monitoring and detecting processes at nano scale in a 
variety of environments. In recent years, the problem of studying nano particle 
interactions with surface plasmons or evanescent waves has gained significant interest. 
Here, a numerical model is presented to characterize nano-size particles and agglomerates 
near a metal or a dielectric interface. The methodology is based on a hybrid method, 
where the T-matrix approach is coupled with the image theory.  The far field scattering 
patterns of single particles and agglomerates subjected to surface plasmons/evanescent 
waves are obtained. The approach utilizes the vector spherical harmonics for the incident 
and scattered fields relating them through a T-matrix. Effects of size, shape and 
orientation of the cluster on their scattering patterns are studied. An effort is made to 
distinguish particle characteristics from the scattering information obtained at certain 
observation angles. Understanding these scattering patterns is critical for the design of 
sensors using the surface plasmon scattering technique to monitor nano self assembly 
processes. 
 
KEYWORDS: Particle Characterization, Surface Plasmons, Evanescent Waves, T-
matrix, Nano Particle Agglomerates. 
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CHAPTER 
  
1 
------------------------------- 
 
 
 
Introduction 
 
 
 
1.1. Background and Motivation 
 Scattering from small particles has been of interest for a long time for many 
scientists and engineers working in diverse fields like astronomy, solid state physics, 
chemistry, bio-physics, engineering and others. The primary reason for this interest has 
been to characterize micro/nano particles based on their light scattering profiles. 
Characterizing particles and structures at nano scale is imperative for understanding and 
controlling self assembly processes in ‘bottom up’ approach of building structures at 
nano scale.  Availability of AFM, TEM and the latest Scanning Near field Optical 
Microscopes (SNOM) and Scanning Tunneling Microscopy (STM) has made it easier to 
an extent, to observe and manipulate nano structures and particles. However, these 
techniques are very expensive and cannot be readily used for on-line monitoring 
applications.  
On the other hand, since nano particles are much smaller than the wavelength of 
light and other commonly used radiation  in the electromagnetic spectrum,  traditional 
electromagnetic wave scattering approaches cannot be utilized easily. There is a definite 
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need to develop a better understanding of the interaction between nano-size structures on 
or near surfaces with light/EM-waves and to characterize such structures from their 
scattering profiles. Scattering of light by micron-sized particles has been of significant 
interest in several areas of engineering and applied sciences because of their impact on 
the effective and apparent properties of media they are imbedded in, as well as for 
diagnosis of their size, shape and structures.  
Research on scattering from small particles (size parameter 2 / 1x rπ λ=  ) was 
initiated by Lord Rayleigh [1], where he solved for scattered electromagnetic field from a 
small sphere to explain the color of sky. Several studies on scattering and absorption 
behaviors of small particles have been and are still being conducted to understand many 
interesting phenomena (e.g. atmospheric research on dust particles, astronomical studies 
on interstellar dust and radiation, optical diagnostics for industrial aerosol processes, 
combustion research and detection of soot particles and precursors, as well as self-
assembly of nano-particles [2]). The radiative formulation for sphere clusters using 
superposition method was formulated independently by Brunning and Lo [3] and 
Borghese et al. [4]. An alternate, yet equivalent, approach using the integral formulation 
of Maxwell’s equations to sphere clusters was developed by Iskander et al. [5]. These 
approaches are primarily used to study the radiative properties of soot and aerosol 
particles.  
 Scattering from systems composed of a sphere or a dipole on or near an interface 
were explored by Bobbert and Vlieger [6] , Nahm and Wolfe [7], and Videen [8]. 
Recently, surface plasmons/evanescent waves are being explored to characterize nano-
size particles near surface, which has gained a great amount of attention in the recent 
times [9, 10]. This recent research direction is based on the T-matrix methodology to 
characterize nano particles and agglomerates subjected to surface plasmons/evanescent 
waves in conjunction with a custom built experimental system. The overall goal of this 
work is to perform numerical simulations for various cases of particle, agglomerate sizes, 
orientation and surface-particle separation, and compare some of them to the 
experimental results. The present thesis focuses on the theoretical challenges associated 
with this research program. 
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 Reproduction of the experimental results has been made through numerical 
modeling of the problem for single particles earlier. The work has been extended for 
spherical agglomerates and particles, and the numerical results are presented here.  
 During the rest of this Chapter, we will first introduce the fundamental concepts, 
definitions, and equations necessary to follow the EM-wave-particle interactions. This 
overview is not extensive, as any textbook in Optics or Physics may have more detailed 
discussion of the subject.  
1.2. Electromagnetic Wave-matter Interactions 
Maxwell’s work on electromagnetism proved that light is an electromagnetic 
wave [11].The electromagnetic spectrum is depicted in Figure 1.1. 
 
 
 
Maxwell’s equations in S.I units are expressed, from [11] as: 
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Figure 1.1: Electromagnetic spectrum. 
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     (1.1) 
The equations are given for any interior point in the media.  E  is the electric field and 
B is the magnetic induction. Fρ  is the charge density, FJ  is the current density in the 
medium. Even when FJ  is zero in a medium (as in air), there can be induced magnetic 
field because of the term D
t
∂
∂ . This observance is one of the greatest contributions of 
Maxwell. 
The electric displacement D and magnetic field H are defined by 
 
0
0
D E P
BH M
ε
µ
= +
= −       (1.2) 
where P is the electric polarization (average electric dipole moment per unit volume) and 
M the magnetization (average magnetic dipole moment per unit volume). The quadruple 
and higher moments are negligible compared to the dipole moment.  
It is clear from Maxwell’s equations that the electric and magnetic fields are 
dependent on each other and are mutually perpendicular. A time varying E -field 
generates a B -field in space and a time varying B -field generates an E -field in the 
direction of change of the B - field. A motionless charge has an electric field that 
stretches to infinity. When the charge is accelerated, the field distribution in the vicinity 
of the charge changes. This alteration propagates out into space at a finite speed. This 
pulse is called an electromagnetic wave that is generated by an accelerated charge which 
once generated moves beyond its source and independently of it. The frequency of an 
electromagnetic wave depends on the frequency of the accelerating charge and the 
amplitude depends on the acceleration. Unless encountered by a free or a partially bound 
charge that can interact with an electromagnetic wave, the wave propagates undisturbed 
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indefinitely. The speed of all electromagnetic disturbances is a constant and equal to 
c=2.99792458x108 m/s in vacuum or air [http://www.nist.gov].  
 
1.2.1. Plane-wave Propagation 
Any wave can be expressed as a combination of time-harmonic fields. A plane 
electromagnetic wave can also be expressed as the sum of sine and cosine functions. 
Since cos( ) sin( )i te t i tω ω ω= − , the combinations of sine and cosine functions are 
expressed in terms of exponential complex numbers for simplicity of calculations. Yet, 
the final results are interpreted only by considering the real part of the calculations. A 
time harmonicity of  i te ω−  is assumed so as to have a positive complex part of refractive 
index for a metal. Only electromagnetic fields that satisfy Maxwell’s equation are 
physically realizable.  
Suppose we consider plane waves of the form  
0 exp( )E E ikx i tω= − ,       (1.3) 
where k is the wave vector given by 2 /k π λ=  . The wave is compatible with Maxwell’s 
equations only when k, 0E and 0H  are mutually perpendicular to each other and also 
when the following dispersion equation is satisfied 
2k k ω εµ• =         (1.4). 
 Note that, k specifies the direction of propagation and 0E and 0H are always 
perpendicular to the direction of propagation. From equation (1.4), one can conclude that  
~
~
0 0
Nk
c
N c
ω
εµεµ ε µ
=
= =
        (1.5)       
where 
~
N   is the complex refractive index of a medium, generally expressed as 
~
N =n+ik. 
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1.3. Surface Waves 
 The speed of a plane electromagnetic wave is a function of index of refraction of 
medium in which the wave propagates. If the refractive index of the material is high, the 
speed of the wave is reduced. The relation between the speed and refractive index is 
given by  
/nc c n=          (1.6)  
where c is the speed in vacuum and nc  is the speed in a medium that has a refractive 
index of n.  According to this equation, if an electromagnetic wave encounters a medium 
of infinite refractive index, its velocity approaches to zero .i.e. it comes to a rest. Such a 
phenomenon happens when an electromagnetic wave encounters a metallic surface, 
penetrates to some extent, and  at the surface where the encounter takes place, it yields a 
standing wave called surface plasmon polaritons. This wave occurs primarily due to the 
oscillation of free charges on the surface and propagates on the surface. A similar effect 
happens when total internal reflection occurs at a dielectric interface. A wave setup on 
the surface of a dielectric interface is called an evanescent wave. Such waves die down 
rapidly at a short distance (within 100-200nm) above the surface. These standing waves 
are not observable unless they are tunneled via some kind of a probe or a medium in the 
vicinity of the waves.  
1.3.1. Fresnel Equations 
 When a plane wave encounters an interface, it undergoes both reflection and 
refraction as shown in the Figure 1.2 below (for a transverse magnetic (TM) wave 
incident at an angle iθ ). The transverse magnetic (TM) mode is nothing but a mode of 
propagation in which the magnetic field oscillates perpendicular to the plane of 
observation. Similarly, a transverse electric (TE) mode is a propagation mode in which 
the electric field oscillates perpendicular to the plane of observation. Fresnel equations 
give the reflection and transmission coefficients which are the ratios of the reflected and 
transmitted electric fields, respectively, with incident electric field. The Fresnel 
coefficients for the incident TM wave are given by [11] 
cos cos( )
cos cos
t i i tr
TM TM
i i t t i
n nEr
E n n
θ θ
θ θ
−= = +       (1.7) 
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2 cos( )
cos cos
t i i
TM TM
i i t t i
E nt
E n n
θ
θ θ= = +       (1.8) 
 
 
Fresnel coefficients for the incident TE wave are 
cos cos( )
cos cos
i i t tr
TE TE
i i i t t
n nEr
E n n
θ θ
θ θ
−= = +       (1.9) 
2 cos( )
cos cos
t i i
TE TE
i i i t t
E nt
E n n
θ
θ θ= = +       (1.10) 
 
1.3.2. Evanescent Waves 
 When a wave passes from a higher refractive index medium to another with lower 
refractive index, it undergoes total internal reflection. There is supposed to be no 
transmission of the incident field beyond a certain “critical angle”. However it becomes 
impossible to satisfy the boundary conditions at the interface without the consideration of 
a transmitted wave. If a transmitted wave is assumed at the interface, 
( . )
0
ti k r t
t tE E e
ω−=         (1.11) 
where .t tx tyk r k x k y= +  (see Figure 1.2.)  
iθ
iE
→
iB
→
ik
→ r
θ
rE
→
rB
→
rk
→
in
tn
x
y
 
Figure 1.2: Reflection and refraction at an interface. 
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sintx t tk k θ=           (1.12) 
costy t tk k θ= .         (1.13) 
However, 
 
2
2 1/ 2
2
sincos (1 sin ) (1 )
( / )
i
t t t t t
t i
k k k
n n
θθ θ= − = −      (1.14) 
 
For the case of a total internal reflection,  
sin ( / )i t in nθ >         (1.15) 
 hence,  
2
1/ 2
2
sincos ( 1)
( / )
i
t t
t i
k ik i
n n
θθ β= ± − =       (1.16) 
sin
( / )
t
tx i
t i
kk
n n
θ=         (1.17) 
This yields an expression for the transmitted field as 
sin
( )
( / )
0
t i
t i
k xi t
n ny
t tE E e e
θ ωβ −= ∓        (1.18) 
This transmitted field decays exponentially at the interface in the lesser dense medium. 
This is an evanescent wave or the boundary wave whose energy oscillates at the interface 
of the two media. A schematic of the evanescent waves is shown in the Figure 1.3. 
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Simulations using Comsol Multiphysics 3.2 show the phenomenon of total 
internal reflection and the formation of surface waves at a quartz-air interface (here, we 
only present sample results for the visualization of surface wave concept). Fig. 1.4 
depicts the total internal reflection occurring in a triangular quartz slab. Fig. 1.5 shows 
the electric field from a TE mode wave over the surface. We observe that the wave 
decays down over few hundred nano meters indicating a surface wave. It should be noted 
that depending on the index of refraction of at a given wavelength, this decay can be 
different (See eq. 1.18). 
 
Evanescent wave field
ai ar
Total Internal Reflection
 
Figure 1.3: Depiction of an evanescent wave field. 
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Figure 1.4: Total internal reflection for an incident TE mode wave. 
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1.3.3. Surface Plasmons 
 When an electromagnetic wave encounters a metallic interface, a surface wave is 
generated at the interface provided there is a tangential component of the wave vector at 
the interface. This results in strong scattering, enhanced electromagnetic fields and 
surface plasmon absorption bands characteristic of the type of material at the interface. 
[11] provides a mechanical oscillator analogy to explain the electromagnetic field 
interactions with the metal. Accordingly, in metals, availability of free electrons results in 
the displacement of electron cloud from the nuclei when incident up on by an electric 
field. The displaced electron cloud is restored by a restoring force given by  
2
0res eF m xω= −          (1.19) 
for small displacements of x. The force exerted on an electron of charge eq by an incident 
electric field incE  is  
0 cosext e inc eF q E q E tω= =        (1.20) 
From Newton’s second law, 
 
 
Figure 1.5: Formation of a surface wave. 
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2
2
0 0 2cosext res e e e
d xF F q E t m x m
dt
ω ω+ = − =      (1.21) 
The solution for this equation is given by  
2 2
0
( / )( )
( )
e e
inc
q mx t Eω ω= −         (1.22) 
and the dispersion relation can be calculated making use of the electric polarization 
relations. For large values of frequency the dispersion relation is  
2 2~
2
0
( ) 1 e
e
NqN
m
ω ε ω= −         (1.23) 
where N is the number of electrons in the system, n is the real part of the complex 
refractive index. 
The free electrons and the positive ions in metals are equivalently thought to be plasma 
with a plasma frequency of 
2
2
0
e
p
e
Nq
m
ω ε ω= . So we have 
2~
2( ) 1 ( )pN
ωω ω= −         (1.24) 
For incident frequencies less than the plasma frequency, a complex refractive index 
results and the penetrating wave drops off exponentially in magnitude. For incident 
frequency greater than the plasma frequency, the metal has a real refractive index and is 
transparent to the incident field. For frequencies equal to the plasma frequency, resonance 
occurs resulting in strong absorption bands and selective reflections. The dispersion 
relation for SPPs is given by 
( )( )
( )
m s
sp
m s
K
c
ε ω εωω ε ω ε= +        (1.25) 
where  spK  is the wave-vector of SPP, ω  is the angular frequency of the SPP, mε  is the 
dielectric constant of the metal and sε  is the dielectric constant of the surrounding 
medium. An SPP is associated with an evanescent wave at a dielectric interface, traveling 
at a speed lower than that of the evanescent wave [12] and can be generated by means of 
an evanescent wave, which in turn can be generated by total internal reflection or by any 
other subwavelength structure. 
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1.4. Thesis Organization 
 This thesis is organized into six Chapters. The first Chapter presented the 
motivation for the work and an introduction to the fundamentals and definitions of 
electromagnetic waves, Fresnel equations and surface waves. The second chapter 
summarizes previous work on particle characterization. A brief introduction to various 
theoretical and computational methods available for spherical and non-spherical particle 
characterization is also provided. The third Chapter presents a literature search to 
characterization of particles on substrates, which requires interaction of surface waves 
with particles and structures. Brief details of the available experimental methodologies 
are also presented in Chapter three. The fourth Chapter presents the formulation and the 
solution methodology adapted using a T-matrix method. Details of the numerical 
modeling of the problem are also presented along with an evaluation of the code that 
represents the problem formulation. Chapter five presents numerical results for nano 
particles and 2D agglomerates on the surface. Numerical results for gold and silver nano 
particles on gold substrate, and some comparisons for gold and silver particles are also 
presented in this chapter. Finally, Chapter six summarizes the work completed and 
presents a list of future tasks to be accomplished. 
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2 
------------------------------- 
 
 
 
Particle Characterization 
 
 
 
2.1. Literature Search 
 
 The problem of absorption and scattering of a plane wave by a homogenous 
sphere was first studied by Lorenz (1891) and then independently by Mie (1908). This 
exact solution to this problem of scattering by small particles is known as the Lorenz-Mie 
theory. The solution is an elegant mathematical formulation of the problem in which the 
incident, internal and scattered fields are expanded in terms of vector spherical 
harmonics. The scattered fields are obtained from the incident and internal fields by 
making use of the Bessel functions and the Legendre polynomials. Though the solution is 
presented for spherical particles, it acts as a guide to describe first order optical effects in 
non spherical small particles also. The computer algorithms for the Lorenz-Mie theory 
are well documented [13]. Several extensions and generalizations of the method are 
available to treat inhomogeneous spherically symmetric and axially symmetric non-
spherical particles. There are also several methods available for non-spherical and 
 15
clusters of non-interacting particles, all of which are based on solving Maxwell’s 
equations either analytically or numerically [14]. With the advent of high speed 
computers, several numerical techniques were developed and solved for agglomerates of 
particles of a variety of shapes. The availability of solutions to the scattering problem led 
researchers to characterize particles based on light, for soot particles [15], fine particles 
[16], cotton fibers [17], industrial aerosol particles and soot agglomerates [18].  
Characterization of nano particles and structures has become crucial to understand 
and study nano self assembly processes and bottom up building processes. The problem 
has interesting applications in characterizing micro structures on flat substrates and 
development of surface scanners [19]. Most of the previous work on particle 
characterization is concentrated on particles embedded in a dielectric medium rather than 
on particles interacting with an interface. This chapter summarizes the previous important 
work on light scattering by particles and particle clusters, without the presence of any 
interference. 
 
2.2. Scattering and Absorption by Small Particles 
 Scattering and absorption of light by small particles is a very important tool for 
visualization and diagnostic applications. Scattering of electromagnetic wave occurs 
because of the presence of any heterogeneity in a given medium. Every system is 
composed of discrete charges namely electrons and protons. When these charges come in 
contact with the electromagnetic waves, they undergo oscillations in tune with the 
incident field.  Fractional energy of these excited charges is reradiated as electromagnetic 
energy, which is scattered in all directions and some of it is lost as thermal energy, which 
contributes to the internal energy of the system, called absorption. Each atom or molecule 
in a particle acts like a dipole to the incoming radiation with a slight polarization of 
positive and negative charges. The dipoles oscillate with the frequency of the incident 
radiation and are capable of scattering secondary wavelets. The scattered field by each 
dipole, when superimposed in a particular direction gives the scattering in that direction. 
In general, scattering by these dipoles in a given direction is in phase, i.e. coherent, which 
means that there is no phase difference in the scattered wavelets of the each dipole in that 
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given direction. Such a scattering is only true for a smaller particle. As the particle size 
increases, the possibilities for other interactions increase giving rise to strong variations 
in the scattered pattern. A cartoon of the scattering phenomenon is depicted in Fig. 2.1. 
 
2.2.1. Single, Multiple and Dependent Scattering 
Single scattering by a particle occurs when the incident field on the particle acts in 
isolation with other particles. In this case, one particle is separated by a large distance 
from another particle in such a way that the scattered field from one particle is small and 
does not influence the field incident on another particle.  
Multiple scattering is a case when the scattered field from one particle adds to the 
total electric field in such a way that the incident field on any other particle is not in 
isolation from one another. Particles are sufficiently away from each other in such a way 
that the scattered field from one particle is incident upon another particle as a plane wave. 
Scattering by clouds is a case of multiple scattering where water droplets are large in 
number and scatter sufficiently [13]. 
Figure 2.1: Schematic of scattering from an obstacle. 
Incident Field
Obstacle
Scattered Field
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Dependent scattering is a case when the scattering by each particle influences the 
particles surrounding it in a direct way. It is a case in which particles are sufficiently near 
to each other or touch each other in which case, the scattered field by a particle is incident 
on another particle as a spherical wave and not as a plane wave. So each particle is in turn 
exposed directly to the original incident field and the scattered field from particles 
surrounding it. 
2.3. Stokes Parameters and the Amplitude Scattering Matrix 
 The electromagnetic field inside the particle and at all points outside the particle 
can be obtained by making use of Maxwell’s equation and applying suitable boundary 
conditions. . The general Maxwell’s equations for a plane wave in vector form are given 
by: 
0
0
E
H
E i H
H i E
ωµ
ωε
∇ ⋅ =
∇ ⋅ =
∇× =
∇× = −
                          (2.1) 
Where E and H are the electric and magnetic fields respectively. 
The boundary conditions imposed at the particle-medium interface are 
    
^
2 1
^
2 1
[ ( ) ( )] 0
[ ( ) ( )] 0
E s E s n
H s H s n
− × =
− × =
    (2.2) 
From equations (1.3.1) we can derive the vector wave equations for electric and magnetic 
fields which are  
2 2 0E Eω εµ∇ + =       (2.3) 
and 
2 2 0H Hω εµ∇ + =      (2.4) 
Except in the rectangular coordinate system, E and H do not satisfy scalar wave equation. 
The point ‘s’ lies on the surface of the particle. Using Maxwell’s equations and the 
boundary conditions (2.1), the relation between the incident and the scattered fields can 
be obtained in spherical co-ordinate system as  
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ik r z
TMs TMi
TEs TEi
E ESSe
E S ESikr
−   =   −         (2.5) 
TMsE and TEsE are the parallel (TM) and transverse (TE) components of the scattered 
electric field respectively. The subscript ‘i’ denotes the incident component of the field 
and ‘s’ for the scattered electric field. ‘ k
→
’ is the wave vector for the wave and ‘ r
→
’ is the 
radius vector. We see that the scattered and incident fields are related by a simple matrix 
called the amplitude scattering matrix owing to the linearity of Maxwell’s equations. The 
elements Si (i=1,2,3,4) are the elements of the scattering amplitude matrix which are 
generally dependent on the scattering angle and the azimuthal angle. 
 The electric field or for that matter any other property of a wave is not measurable 
by the available experimental systems due to the rapid oscillations of these properties, as 
their frequency(ω ) is in the order of 12 1410 10−  for visible wavelength spectrum. So, we 
need a set of properties characteristic of a wave that can be measured by a common 
detector. A detector can measure intensity, i.e. Poynting vector or the square of the 
amplitude of the electric field. Stokes defined a set of parameters that are related to 
intensity and polarization of a wave which serve as an equivalent description of a 
polarized wave. Such a set of parameters are measurable by an experimental device. 
Below, we introduce a series of definitions for clarifications of analysis to be presented 
later.  
1. The irradiance recorded by a detector when incident upon by an unpolarized beam 
of light is defined as 
* *
0*( / 2 )s TMs TMs TEs TEsI E E E E k ωµ= +   (2.6) 
2. When a beam of light passes through a horizontal polarizer (a polarizer that filters 
the perpendicular or the TE component of the wave and only allows the T.M 
component to pass through), the irradiance detected is:    
   * 0*( / 2 )TM TM TMI E E k ωµ=                                                                               
When a beam passes through a vertical polarizer (a polarizer that filters out the 
T.M component and only allows the T.E component of the wave to pass through), 
the irradiance detected is 
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 * 0*( / 2 )TE TE TEI E E k ωµ= .                                 
 The difference between these two irradiance measured by the detector is  
* *
0*( / 2 )TMs TMs TEs TEsI E E E E k ωµ= −    (2.7) 
3. If a beam passes through a +450 polarizer (a polarizer which filters out the 
component of all electric field oscillations in the +450 angle of the plane), and a    
-450 polarizer (a polarizer which filters out the component of all electric field 
oscillations in the -450 angle of the plane), the difference of irradiances measured 
by a detector from the two cases is  
* *
0*( / 2 )TMs TEs TEs TMsI E E E E k ωµ= +    (2.8) 
4. If a beam passes through a right handed polarizer (a polarizer that only transmits 
electric field oscillations rotating in anticlockwise direction when viewed towards 
the source), and a left handed polarizer (a polarizer that only transmits electric 
field oscillations rotating in the clockwise direction when viewed towards the 
source), the difference of irradiances measured by a detector from the two cases 
would be 
* *
0*( / 2 )TMs TEs TEs TMsI i E E E E k ωµ= −   (2.9) 
Equations (2.6)-(2.9) represent the four ellipsometric parameters that represent a plane 
wave. By dropping the 0( / 2 )k ωµ  factor that is common to all the four equations, we 
have the Stokes parameters given by 
    
* *
* *
* *
* *
s TMs TMs TEs TEs
s TMs TMs TEs TEs
s TMs TEs TEs TMs
s TMs TEs TEs TMs
I E E E E
Q E E E E
U E E E E
V i E E E E
= +
= −
= +
= −
     (2.10) 
The superscript * denotes the complex conjugate of a parameter.  
The Stokes parameters defined by equation (2.10) are represented in a column 
vector called the Stokes vector. The scattered and incident Stokes vectors are related by a 
matrix that follows from the amplitude scattering matrix as: 
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   (2.7) 
The 4x4 matrix consisting of Sij (i=1,2,3,4 and j=1,2,3,4) elements is called the scattering 
matrix whose elements are obtained from the elements of amplitude scattering matrix (in 
eq. (2.5)). This matrix is also called the Mueller matrix when the scattering is by a single 
particle. For a single homogenous sphere, the scattering matrix reduces to  
11 12
12 11
33 34
34 33
0 0
0 0
0 0
0 0
S S
S S
S S
S S
     − 
 
with only four significant terms 11S , 12S , 33S , 34S , which can be sufficient enough to 
even characterize agglomerates and particles of different shapes [20]. 
Stokes vector and the scattering matrix are the most important parameters 
required for obtaining the complete scattering profile of a particle. The scattering matrix 
elements are defined in terms of the scattering amplitude matrix (eq. 2.5) as 
 
2 2 2 2
11 1 2 3 4
1 ( )
2
S S S S S= + + +  
2 2 2 2
12 2 1 4 3
1 ( )
2
S S S S S= − + −  
* *
13 2 3 1 4Re( )S S S S S= +  
* *
14 2 3 1 4Im( )S S S S S= −  
2 2 2 2
21 2 1 4 3
1 ( )
2
S S S S S= − − +  
2 2 2 2
22 2 1 4 3
1 ( )
2
S S S S S= + − −  
* *
23 2 3 1 4Re( )S S S S S= −  
* *
24 2 3 1 4Im( )S S S S S= +  
* *
31 2 4 1 3Re( )S S S S S= +  
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* *
32 2 4 1 3Re( )S S S S S= −  
* *
33 1 2 3 4Re( )S S S S S= +  
* *
34 2 1 4 3Im( )S S S S S= +  
* *
41 4 2 1 3Im( )S S S S S= +  
* *
42 4 2 1 3Im( )S S S S S= −  
* *
43 1 2 3 4Im( )S S S S S= −  
* *
44 1 2 3 4Re( )S S S S S= −  
         (2.8) 
 
2.4. Other Methods Available for Modeling Scattering By Small Particles 
 In addition to the Lorenz-Mie theory, several other theories and numerical 
techniques have been developed over the years to study the scattering phenomena by 
particles. The analytical solution consists of using the separation of variables technique to 
solve vector Helmholtz equation for time-harmonic electric fields. Maxwell’s equations 
are solved by a combination of analytical and numerical methods. The book by 
Mishchenko, Hovenier and Travis [14] provides an excellent guide to the previous work 
on light scattering by non spherical particles. 
 
2.4.1. Analytical Approaches 
a. Separation of Variable Method 
 This method consists of expanding the incident, internal and scattered fields in 
vector spherical harmonics but in spherical coordinate system. The incident field 
expansion coefficients are calculated analytically, where as the scattered field, internal 
field expansion coefficients are calculated from incident field coefficients and boundary 
conditions. Because of the mathematical complexities involved with vector spherical 
harmonics, the method can only be applied to particles with semi-major-axis size 
parameter ( )dπλ less than 40. The method was pioneered by Oguchi  [21] and Asano and 
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Yamamoto [22] for single homogenous and isotropic particles. Later, it was further 
modified by Voshchinnikov and Farafonov [23].  
 The method was further extended to an ensemble of spheroids by Schulz et al. 
[24] and was used primarily for spheroids. The advantage of the approach is its accuracy 
whereas its disadvantages include mathematical complexity, non applicability to large 
particles and particles with large refractive indices. 
2.4.2. Differential Approaches  
a. Finite Element Methods (FEM) 
 This method consists of solving the vector Helmholtz differential equation 
numerically, subject to boundary conditions at a particle’s surface. A finite computational 
domain is selected, which is discretized into small volume elements with about 10 to 20 
elements per wavelength in which, the scatterer is embedded. Using the boundary 
conditions, the differential equation is converted to a matrix form, which then can be 
solved using Gaussian elimination or conjugate gradient method. A modification of the 
method called the unimoment method by Morgan et al. [25] uses a spherical 
computational domain with the scattered field expanded using the spherical wave 
functions outside the computational domain. The most important advantage of the 
method is the simplicity in modeling inhomogeneous and arbitrary shaped particles 
where as its disadvantages include increased computational time and limitations in size 
parameters. Another disadvantage is that since the domain here is limited in size, it does 
not account for the far field zone and so absorbing boundary conditions have to be 
enforced at the outer boundary to take care of wave reflections back into the domain. 
b. Finite Difference Time Domain (FDTD) Method 
 This method solves the time-dependent Maxwell’s equations to calculate 
electromagnetic scattering in both time and space domains. Maxwell’s equations contain 
space and time derivatives of electric and magnetic fields. These derivatives are 
approximated by a finite difference scheme and discretized in both space and time 
domains. The equations are solved for in the discretized domain numerically with 
appropriate boundary conditions and particle properties. A fully explicit scheme is 
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generally used. This method also computes the solution in a finite domain, like the FEM, 
and so a far zone transformation has to be invoked to calculate fields in far field. The 
method is popular because of its conceptual simplicity and ease of implementation but 
has similar disadvantages as that of the FEM including limitations in accuracy, 
mathematical complexity and the need to repeat computations for different angles of 
incidence. 
c. Point Matching Method (PMM) 
 The point matching method is a differential equation technique consisting of 
expanding incident and internal fields in vector spherical wave functions regular at 
origin. The incident field expansion coefficients are calculated analytically and the 
internal and scattered fields are calculated by a boundary matching technique at a 
selected number of points by making use of the appropriate boundary conditions. The 
method makes use of Rayleigh hypothesis, which dictates that for particles much smaller 
than the wavelength of incident light (when the size parameter << 1), the incident field 
near the particle and inside it behaves as electrostatic field and the field inside is 
homogenous. A modification of the method called the generalized point matching method 
makes use of boundary matching at many more points than required and forms an over 
determined system of equations in order to be able to accurately determine the outgoing 
spherical waves for the scattered field outside the particle boundary. The method is 
numerically stable and accurate for rotationally symmetric particles and can also be 
applied to very large size particles. 
2.4.3. Integral Equation Methods 
 The method consists of expressing the external field to an object in terms of an 
integral equation. The equation contains an internal field term that is unknown. The 
equation represents the internal field at each point as a sum of the incident field and the 
field induced by all other interior points. The same equation can be used to obtain internal 
field by any numerical method that uses discretization, using an explicit scheme. Once 
the internal field is obtained, the external field is calculated with the help of the integral 
equation. There are several modifications available for the method called with different 
names such as discrete dipole approximation, digitized Green’s function by Goedecke 
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and O’Brien [26], the volume integral equation formulation by Iskander et al. [27]. The 
advantage of the method is that it has few unknowns and can be applied to anisotropic 
and inhomogeneous scatterers. The disadvantages include low computational accuracy 
and rising computational time with increasing size parameters. 
a. Method of Moments (MOM)  
 This is one of the versions of the integral equation methods [28]. The internal 
field of the integral equation is calculated by discretizing the interior region into elements 
with about 20 elements per wave length. An assumption of homogenous field inside the 
volume of the scatterer is made. With the availability of the internal field, the external 
field is found out from the integral equation. The scattered field can be obtained by 
subtracting the incident field from the external field.  
b. Discrete Dipole Approximation (DDA) 
 The method is based on dividing the individual particle into a large number of 
polarizable units called dipoles. The response of a dipole to an incident electromagnetic 
field is known. The incident field on each dipole is the sum of original incident field and 
the scattered field by all other dipoles. The problem reduces to obtaining linear equations 
and finding a numerical solution. The method was originally derived by Purcell and 
Pennypacker in 1973 [29]. From then on the method underwent many improvements 
including an addition of magnetic dipole terms. The important advantage of this method 
is its applicability to particles of any shape or property, inhomogeneous and anisotropic. 
The disadvantages are that it is time consuming, has slow convergence, has limited 
accuracy and needs computations to be repeated for each angle of incidence. 
c. Fredholm Integral Equation Method 
 The method is similar to integral equation methods in the sense that a modified 
integral equation in which the volume integral is converted to the wave number 
coordinate space and a Fourier transform is applied to the internal field. The integral is 
discretized into a matrix equation which is solved numerically using an explicit scheme 
to obtain the scattered field. This method is more stable than those using the integral 
equation method and has good convergence results for particles with large aspect ratios 
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as well. The implementation of the numerical scheme becomes simple for homogeneous 
and symmetric particles. The main disadvantage is that the matrix elements have to be 
evaluated analytically, which requires a different program. Hence the implementation is 
limited to only a few models of particles. 
d. Superposition Method 
  The separation of variables technique for spheres can be extended to a cluster of 
spheres and spheroids. By using the translational addition theorem for vector spherical 
wave functions (VSWF), the field illuminating the cluster and the fields scattered by each 
sphere in the cluster are expanded in VSWFs at individual sphere centers and at one 
sphere at second origin [30]. The procedure gives rise to a matrix equation for scattered 
field expansion coefficients for each sphere. The numerical solution to the equation gives 
the individual scattered fields for each sphere for a given incident field. The superposition 
of all the individual scattered fields gives the total scattered field. The field incident on 
each sphere is the sum of external field and the individual scattered fields which get 
reduced to a system of numerical equations.  This method’s computational complexity 
depends on the individual sphere size parameter and the number of spheres in the cluster. 
The method is very efficient for linear chain of spheres. For a cluster of spheres, the 
method produces a matrix at a fixed origin in the sphere cluster that can transform the 
incident field into scattered field which is an equivalent of a T-matrix. Other advantage is 
that it can produce very accurate results. 
2.4.4. T-matrix Method (TMM) 
 The method was first introduced by Waterman in 1971 [31]. Of all the methods, 
the T-matrix method (TMM) has the advantage of being highly accurate, fast and 
applicable to all kinds of particles. The method consists of expanding the incident field in 
vector spherical wave functions (VWSF) regular at origin and the scattered field in 
VWSFs, regular at infinity in the medium outside the particle. The incident field 
expansion coefficients can be calculated analytically. A particle response matrix called 
the T-matrix transforms the incident field expansion coefficients to the scattered field 
coefficients. The T-matrix depends only on the particle shape, size, refractive index and 
the orientation of the particle with respect to a reference frame and is independent of the 
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incident and scattered fields. This makes the method highly advantageous because once 
the T-matrix is known for a particle or a configuration of particles, the scattered field can 
be calculated for any incident field, for any direction.  The T-matrix has spherical waves 
as basis functions and is usually computed using the extended boundary condition 
method. The method was generalized to multilayer scatterers and arbitrary clusters of non 
spherical particles by Peterson and Strom in 1973 [32]. The method can be applied to 
particles of any shape and size although the computations become quite complex for 
particles that have no symmetry. The computation of T-matrix for a cluster makes use of 
the translational addition theorems for VWSFs and uses the T-matrices for all individual 
spheres. Mackowski & Mishchenko [33], Wriedt and Doicu [34] extended the method to 
a cluster of spheres and non spherical particles. The analytical orientation averaging 
method was developed by Mishchenko [35] for randomly oriented, rotationally 
symmetric particles. The procedure was extended to a cluster of spheres by Mackowski 
and Mishchenko  in 1996 [36]. Because of its high numerical accuracy, the T-matrix 
method has gained more interest in the past few years. The only drawback of the method 
is that it produces low efficiency results for particles with large aspect ratios or with 
particle shapes lacking axial symmetry. 
2.5. Direct and Inverse Problems 
The problem of particle characterization using electromagnetic waves can be 
carried out as solution of the direct and the inverse scattering problems in sequential way. 
 The direct problem consists of obtaining the scattering profiles for a particle or a 
system interacting with electromagnetic waves. Here, the particle composition, shape, 
size and other characteristics are known before hand along with the properties of the 
incident light like the wavelength, polarization and the angle of incidence. Much work 
has been and is being done in this area to obtain scattering profiles from several 
complicated systems, fairly accurately using numerical modeling schemes, as discussed 
above. 
 The inverse problem consists of obtaining particle characteristics like the shape, 
size and composition by examining the scattering profiles of the particle. This problem 
though not impossible is not nearly as easy as the direct problem because the amount of 
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data required, like the phase, vector amplitude of the wave in all directions and the field 
inside the particle, is not always available. However, by careful construction of the 
experimental setup and by controlling the incident wavelength, it is possible to get 
sufficient data to interpolate the rest of the data. This information about scattering 
amplitudes, by comparison with the already available scattering profiles from the 
previous numerical modeling work, can be used to determine the particle characteristics.  
Ellipsometry is one such technique that can be applied to obtain sensitive 
information about the polarization and intensity of scattered light from a system of 
particles. Elliptically polarized radiation was successfully used in an Ellipsometry device 
[37] to obtain scattering matrix elements to characterize soot particles by Mengüç and 
Manickavasagam [18]. 
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CHAPTER  
3 
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Light Scattering From Particles on Substrates 
 
 
 
In Chapter 2, we have outlined the concepts and models related to scattering of 
electromagnetic waves by particles suspended in a medium. The premise of the 
approaches discussed is that a planar wave is incident on a particle which, is placed far 
away from other particles. This concept of “single scattering” can be expanded to 
multiple scattering media, such as clouds or aerosols, if the particles are sufficiently far 
from each other, such that the scattered wave front one particle appears “planar” by the 
time it arrives on the next one. Then, the problem is simply an additive one. On the other 
hand, if the particles are close to each other or touching as in the case of agglomerates, 
then the scattered wave cannot be considered planar upon arrival to next one. This case, 
which is called as dependent scattering, requires a more careful treatment, as the 
superposition of scattered waves and phase propagation make the problem more 
complicated. The application of those approaches to nano-scale particles is 
straightforward, as the scaling relationship can be carried on with the size parameter, x = 
pd/l. Yet, if such nano-sized particles are on a substrate, the problem becomes different 
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and significantly challenging. In this Chapter, we discuss this problem and summarize 
different accounts appeared in the literature. 
3.1. Previous Work 
 
Scattering from systems containing a single particle and a plane interface was 
initiated by Sommerfeld back in 1909 [38]. He investigated oscillating dipoles in the 
presence of a conducting plane surface. Weyl [39] later interpreted Sommerfeld’s results 
as plane waves reflecting and refracting from a surface incident at various angles. Bobert 
and Vlieger [6] used Weyl’s method for calculation of reflection of dipole radiation from 
a flat surface with Mie’s solution for a sphere to obtain scattering from spheres whose 
radius is of the order of the wavelength of the incident light. Lord Rayleigh [40]  studied 
scattering from long semi circular cylinders on a plane by utilizing image principle in 
which, the image of the semi-circular cylinder replaces the plane subject to incident wave 
and its mirror image. Nahm and Wolfe [7] used a simplified version of the image method 
to calculate scattering from spheres on conducting surface. Rao and Barakat [41] 
extended the method to cylinders and solved the problem of  scattering from infinitely 
long conducting cylinders partially buried in conducting planes for obliquely incident 
plane waves. Later on,  Videen [8] and Videen et al. [42] extended the image method to 
solve the problem of scattering from a sphere on or near a conducting surface by making 
use of the Mie solution. Lindell et al. [43] presented the formulation for scattering from 
simple particles on or near a surface based on the image theory. Muinonen et al. [44] 
investigated the backscattering phenomenon for small objects near an interface. The 
problem of scattering from particles and structures on or near a surface continues to grow 
in interest today and has resulted in several theories and approximations. The next section 
summarizes the computational approaches used for the treatment of this problem. 
3.2. Computational Models 
Gonzalez et al. [45] investigate a few theoretical and computational models of 
interest for scattering from simple particles on substrates. Here they study metallic 
particles on flat substrates by doing analysis for far field in the plane of incidence. Four 
models are described and compared from [45] as follows 
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3.2.1. Double Interaction Model 
 This model is a version of the double interaction model. This method is used to 
obtain far field electric fields for particles over substrates. It is a combination of the Mie 
solution and the Fresnel reflections. The Mie solution accounts for the scattering by the 
particle and the Fresnel reflections account for substrate effects. It is a ray tracing 
technique in which the incoming beam onto the particle is dividend into two beams, one 
that directly illuminates the particle and one that is reflected off the surface and then 
illuminates the particle.  These two beams again give rise to the following scattered fields 
(1) The direct incident beam scattered by the particle, (2) the reflected incident beam 
directly scattered by the particle, (3) the direct incident beam scattered by the particle and 
then reflected off by the surface, (4) the reflected beam scattered from the particle and 
reflected off the surface. The total field is a superposition of all the four scattered fields. 
When the particle is small, the scattered field (4) can be neglected. The method offers 
great transparency and can be applied to any particle but requires the scattering profile of 
the individual scatterer. The model is depicted in Fig 3.1. 
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Figure 3.1: A schematic of double interaction model. 
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3.2.2. Extinction Theorem 
 Extinction theorem is derived from the wave equation and vector’s Green 
theorem. It is based on the integral formulation of the Maxwell’s equation by including 
the non-local extended boundary conditions at the surface. This method to describe 
scattering is complete in the sense that it includes multiple interactions between particle-
particle, substrate-particle and the presence of surface plasmon polaritons. The method 
does not place restrictions on particle and substrate material or on particle shape. It can be 
used to calculate scattered field in both far-field and near field regimes. The only 
disadvantage of the method is its difficulty in numerical implementation. The stability of 
the linear system of equations employed and the computer memory requirements are the 
major drawbacks. Hence, the method is used extensively for one dimensional problem. 
3.2.3. Image Theory 
  A combination of T-matrix method and image theory can be used to solve the 
problem of scattering from particles on substrates. The image theory consists of 
expanding the incident, scattering and interaction electromagnetic field components using 
the vector spherical harmonics about a real space and an imaginary space coordinate 
system. The imaginary space origin is located at the particle image which is located 
below the surface at a distance equal to that of the real particle from the surface. The 
interaction fields defined at the origin of imaginary space account exactly for the 
boundary conditions at the surface of the substrate. The particle’s scattering response to 
the incident field can be obtained from an independent T-matrix that is independent of the 
incident and scattering fields. The scattered field from the particle is obtained from the 
incident field and the T-matrix. The total scattered field is obtained by a superimposition 
of the scattered field from the particle and the field from the particle image. 
3.2.4. Ray Tracing Model 
 This model is based on the geometrical optics approach. Hence the method is 
generally valid when the particle size is large compared to the incident beam. The method 
is relatively simple, obtaining the scattered field by coherent addition of a group of rays 
emanating from the system after Fresnel refractions by the system in a small interval of 
angles. The method can be used to explain effects like backscattering and cross 
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polarizations physically. The method seems to work even for particles whose sizes are 
comparable to the wavelength of incident light. This is an optical method that follows the 
light rays and takes into account, the particle-surface interactions.  As expected, this 
approach is valid for larger particles and may not be used for accurate calculations of 
nano-sized particle 
3.3. Experimental Methods 
Experimental study of small particles near a surface is an important part of 
particle characterization. There have been several advances recently in Scanning Near 
Field Optical Microscopy (SNOM) [46] extending the spatial resolution to the 1 nm 
range, to look at small structures on a surface. This spatial resolution was also attained by 
making use of the evanescent waves through the use of a scattering microscopy technique 
such as Photon Scanning Tunneling Microscopy (PSTM)  [47]. SNOM explores the 
concept of near field scattering so does PSTM, which make them expensive in 
implementation. Laboratory methods look at the far- field scattering from particles (that 
may or may not use surface waves) or at the reflection/absorption spectrum of radiation 
affected by the surface plasmon resonance due to presence of particles or structures on 
surface. Three such methods are described here. 
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3.3.1. Ellipsometry 
  
Ellipsometry is an optical technique used to study the properties of surfaces and thin 
films.  It is based on the principle that when a linearly polarized light is reflected off from 
a surface, the reflected light is elliptically polarized, whose shape and orientation depend 
on the reflection properties of the surface along with the angle of incidence and the 
direction of polarization of incident light. Ellipsometry technique is depicted in Fig. 3.2. 
The incident light is polarized linearly in a known direction. The reflected elliptically 
polarized light is measured with a quarter wave plate (retarder) and an analyzer. A 
change in the sample properties results in a change in the reflected radiation from the 
sample. Thus, it is possible to obtain information about the sample surface by this 
method. The important disadvantage is that when there is a presence of nano particles 
whose size is very small compared to the incident wavelength, the changes in the 
reflected radiation may not be detectable. 
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Figure 3.2: Ellipsometry technique. 
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3.3.2. Surface Plasmon Reflectance 
Surface Plasmon resonance is depicted in Fig. 3.3 
    
 
Here, a prism coated with a thin metallic film is excited with incident radiation. The 
reflection and transmission follow Fresnel’s equations until the critical angle where the 
total internal reflection occurs. At an angle greater than the critical angle, the reflected 
radiation is 100% of the incident radiation. At some angles greater than the critical angle, 
there is a sharp dip in the reflectance due to the excitation of surface Plasmon resonance 
at that angle.  The position and the sharpness of the dip depend on the refractive index of 
the thin film and the presence of particles or structures over the film. Based on this 
information, an attempt is made to characterize the structure above the surface as the 
resonance is dependent strongly on the size and number of particles above the surface and 
the thickness of the film. The main disadvantage of the method is that the particle 
properties and size are difficult to extract from the data available, which strongly depends 
on the film properties.   
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Figure 3.3: Surface plasmon reflectance method. 
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3.3.3. Surface Plasmon Scattering 
This method is shown in Fig 3.4. 
  
  
The approach is based on detection of angular profile of reflected and scattered 
beams for different polarization settings. As shown in Fig. 3.4, radiation is incident on a 
prism coated with a metallic film. At angles greater than the critical angle, surface waves 
are generated over the metallic film. The nano particles present on the surface act as 
probes to tunnel and scatter the surface waves. Thus, this method is especially suited for 
characterizing nano particles.  
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Figure 3.4: Surface plasmon scattering method. 
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CHAPTER  
4 
------------------------------- 
 
 
 
T-matrix Formulation for Particles on 
Substrates 
 
 
 
 This chapter describes the formulation of scattering by nano-sized particles and 
agglomerates on or near a substrate. A combination of T-matrix method, response matrix 
method and the image theory is used for numerical modeling of particle clusters on an 
interface. 
 
4.1. T-matrix Formulation for Single Sphere on a Substrate 
 First, the formulation for combination of image theory and response matrix 
method is outlined. This method was  recently presented by Videen et al. [9] to formulate 
the problem of a single spherical nano-particle, interacting with surface waves at an 
interface; it is reproduced here with a few modifications, as this formulation is a 
precursor to the hybrid model presented later in this Chapter.  
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The method consists of expanding the incident, interaction and scattered fields in 
vector spherical wave functions wherein the incident field expansion coefficients are 
known. The scattering response of the single sphere is also known from the Lorenz-Mie 
theory. The scattered field expansion coefficients are obtained from the incident field 
coefficients by making use of the scattering response matrix. The geometry of the 
problem considered is presented in figure 4.1. 
 The vector spherical harmonics used for the derivation are: 
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Here, ( ) ( )jnz θρ cos  are the spherical Bessel functions of the order p = 1,2,3,4 (i.e. first, 
second, third, fourth). 
( ) ( )( )( )! ! cos~ mn2 mn1n2P jmn + −+=θ ( ),cos jmnP θ       (4.3) 
( )jmnP θcos  are the associated Legendre polynomials and ( )cosmn jP θ  are the normalized 
associated Legendre polynomials for time dependent harmonic waves using exp ( )tiω− . 
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The incident laser beam from medium 0 at angle 0α to the substrate (medium 1) 
normal, undergoes total internal reflection as shown in Figure 4.1. Evanescent surface 
waves are created at this interface, and they undergo an exponential decay above the 
surface. If a metallic film is presented, the evanescent waves in turn generate surface 
plasmons at the surface of the metallic film. A nano particle near the interface scatters the 
evanescent/surface plasmon wave fields ( 2incE ) into electromagnetic energy.  
The scattering angle is sθ . The particle in illuminated by the incident field in medium 2 
given by ( ) ( ) ( ) ( )∑ ∑∞
= −=
+=
0n
n
nm
1
2nm
2
nm
1
2nm
1
nm aa ,, NME
2
inc       (4.4) 
(1) (1),M N  denote expansions using spherical Bessel functions of first order. The a-
coefficients are the incident field expansion coefficients defined by the following 
relations in TE and TM modes 
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Figure 4.1: Geometry of the problem considered; the thickness of the film is t, 
the particle diameter is a, and the particle surface separation distance is d. 
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The Fresnel transmission and reflection coefficients are given by 
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and ijjiji kkZZ µµ // =          (4.11) 
iµ , ik  are the permeability and wave number in medium i. 
The coefficients for the TM mode of the incident wave are found to be 
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The field scattered by the particle is expanded in spherical Hankel functions in medium 2 
as  ( ) ( ) ( ) ( )∑ ∑∞
= −=
+=
0n
n
nm
3
2nm
2
nm
3
2nm
1
nm bb ,, NME
2
sca       (4.14) 
The b-coefficients in this equation are the scattered field expansion coefficients.  
The particle-surface interaction field can be expressed as  
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The c-coefficients satisfy the relation  
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( )mn
nA
,'  and ( )mnnB ,'  are the vector translational coefficients whose details are provided in 
[25]. Using equations 4.4, 4.14, 4.15, 4.16 and 4.17, the relations for the scattering field 
expansion coefficients are given as 
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The above relation is a system of linear equations that can be expressed in the form of a 
matrix to be solved numerically to obtain the scattered field expansion coefficients.  
The ( )', ',n m qnmpB  coefficients are the elements of the particle scattering response matrix, 
which, for a single sphere reduce to the Lorenz-Mie coefficients given by 
( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )akakkakakk akakkakakkB pn2n22npnp pn2n22npnpmmnnpq1pqmn 1nm ψξξψ
ψψψψδδδδ
 ' '
 ' '
''
,','
−
−−=    (4.19) 
( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )akakkakakk akakkakakkB pn2np2npn2 pn2np2npn2mmnnpq2pqmn 2nm ψξξψ
ψψψψδδδδ
 ' '
 ' '
''
,','
−
−−=   (4.20) 
The scattering response matrix, or the so called the T-matrix co-relates the scattered field 
coefficients to the incident field expansion coefficients. pk  is the wave vector within the 
sphere, ( )xnψ  and ( )xnξ  are the Riccati-Bessel functions of the first and third kind; note 
that the primes denote their derivatives with respect to their arguments. Thus, if the T-
matrix is available, using the information about the incident field, the far-field scattering 
matrix elements can be calculated. The relations to calculate scattering matrix elements 
are available in reference  [9]. The calculation of the T-matrix is relatively straight 
forward and will not be discussed here. In the next section, we will outline a 
methodology to determine the scattering coefficients for a two dimensional agglomerate 
structure. 
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4.2. T-matrix Method for Sphere Agglomerates 
 A methodology to characterize clusters or agglomerates of metallic 
particles on thin substrates using a combination of the T-matrix method and the image 
theory [48] is described here. The method consists of calculating the incident field 
expansion coefficients of light after it traverses through a thin metallic film by using the 
appropriate Fresnel coefficients. The idea here is to integrate the T-matrix for the sphere 
clusters into the surface plasmon scattering model for a single sphere, which was 
presented in the previous section. This is a hybrid methodology that makes use of the T-
matrix of a particle system (which is calculated independently), to obtain the scattering 
properties of the system of particles. The concept of the methodology is described in 
Figure 4.2.  
 
 
Hybrid Method
Mackowski 
Videen 
Scattering from sphere agglomerates on
a substrate
 
T-matrix 
 
Incident 
Field 
Scattered 
Field 
Mathematical Formulation Scattering from sphere agglomerates
Scattering from singe sphere on a substrate
Figure 4.2: Hybrid method. 
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 Mackowski [49] outlined a methodology to calculate the scattering properties of 
a cluster of spheres based on T-matrix and the orientational averaging technique [33]. We 
use the Mackowski’s approach to calculate the T-matrix elements for different spherical 
particles or corresponding agglomerates, and substitute them for the T-matrix elements 
given in the previous section. In principle, this approach is solid, as T-matrix formulation 
gives the electromagnetic wave right outside the particle (or, agglomerate).   
The geometry of the model considered in this study is shown in Fig. 4.3, where 
,intiE , ,intsE  are the electrical fields due to the particle-surface interactions. Total 
scattering EM field can be expressed as = +s s2 s,intΕ E E .  
                       
 
The scattered field in this case is given by (From  [33, 49]) 
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where Ns is number of spheres in an agglomerate. The index  p stands for the modes of 
scattered field, i.e., p=1 stands for TM mode and  p=2 stands for TE mode. h stands for 
outgoing vector spherical harmonic function.  The superscript ‘i’ denotes the ith sphere in 
the cluster. inmpb are the scattering coefficients for the i
th sphere defined at the sphere 
origin. i.e., the scattered filed for a single sphere is given by 
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The scattered field expansion coefficients for an ith sphere are related to the incident field 
expansion coefficients by the T-matrix by 
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The sphere-centered ijT matrix is converted to the cluster-centered T-matrix (based upon 
a single origin of the cluster). The transformation is given by 
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Matrices 0iJ  and 0jJ  are formed from the addition coefficients based on the spherical 
Bessel function. The subscripts n and l and their primes stand for order, degree and mode. 
The scattering coefficients for the entire agglomerate origin are given from the cluster T-
matrix as 
 
1 1 1 2
1
oN l
TM TM TE
mn mn kl kl mn kl kl
l k l
b T a T a
= =−
= +∑∑                             (4.25) 
 
 44
2 1 2 2
1
oN l
TE TM TE
mn mn kl kl mn kl kl
l k l
b T a T a
= =−
= +∑∑                             (4.26) 
  
 The coefficients kla and mnb  are the incident field expansion coefficients and 
scattering coefficients defined at the cluster origin.  Since the T-matrix is independent of 
incident and scattered fields, it can be used to calculate any scattering coefficients 
provided the incident field expansion coefficients are known. We can obtain the b 
coefficients (scattering coefficients) for our case of a thin film using the cluster T-matrix 
and the a- coefficients (obtained for our case). Neglecting the particle-surface 
interactions, we have  
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If an interacting surface is present, as in our case, equation (4.18) is used to calculate the 
scattering coefficients but with the appropriate T-matrix elements as, 
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Relations (4.31-4.32) also apply for the TM mode. Once the scattering coefficients are 
obtained, the rest of the scattering amplitudes can be calculated. A brief derivation is 
presented below. 
  The far-field scattered electric field can be related to the incident field by an 
amplitude scattering matrix as  
( ) 

−=





4
2exp
S
S
ikr
ikr
E
E
sca
sca
φ
θ






inc
TE
inc
TM
E
E
S
S
1
3        (4.34) 
If a incident wave of unit magnitude is assumed, we have 
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In far-field, the spherical Hankel functions or the Bessel functions of the third kind 
reduce to 
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ikrh −~1        (4.36) 
Hence, we obtain the following relations for far-field: 
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Substituting (4.37), (4.38) in (4.1.4) we have, 
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Comparing (4.39) with (4.34), we obtain relations for the elements of amplitude 
scattering matrix as follows 
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The surface effects are taken into account by incorporating the appropriate Fresnel 
coefficients into these relations. We thus obtain for the medium 1 
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and 22110 nnn θθθ sinsinsin == .  
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In medium 2, the scattering coefficients are obtained as 
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where 
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          (4.43) 
Eqs. (4.41) and (4.43) provide the formulation to calculate the far-field scattering profiles 
for arbitrary shaped particles and sphere clusters. We can now calculate all the elements 
of the scattering matrix.  
In addition, using the relation for associated Legendre polynomials, 
( ) ( ) ( ),cos~1cos~ θθ mnmmn PP −=−   
the relations for the incident field expansion coefficients can be derived as 
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( ) ( ) ( )1 11 mTE TEnm nma a= −                                                                                                            
( ) ( ) ( )11 11 mTM TMnm nma a+= −                     (4.44)                                      
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where mm −= . 
Further, the relations for the scalar translational coefficients are as follows 
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From the scalar translations, the vector translations can be found as 
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In addition, the following symmetry relationships hold: 
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4.3. Evaluation of the Code  
The above formulation was implemented in a FORTRAN code. The original 
single-particle code was extended for multiple particles on surface. The T-matrix for a 
cluster of spheres was extracted from a computer code by Mackowski [33]. In the new 
code, also the cross-polarization terms are added to obtain accurate Mij parameters. Mij 
parameters are a normalized version of the elements of scattering matrix defined as  
11 11
12 12 11
33 33 11
34 34 11
/
/
/
M S
M S S
M S S
M S S
=
=
=
=
        (4.51) 
The rest of them will show the ijM  profiles. 
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Figure 4.4: Comparison results for the Lorenz-Mie code and the present 
work. 
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The code was first tested with the standard results from Lorenz-Mie formulation 
for a single particle case.  A sample result is presented in Fig 4.4 shows an exact match. 
The results were obtained for a 20 nm diameter gold particle in air. A comparison of 
results from the new code and the standard results from Videen’s code [10], for a single 
particle on surface, is presented in Figure 4.5; again the match is almost exact. The results 
were obtained for a gold particle on a 20 nm thick gold film for an incident wavelength of 
515 nm at 23.30. Similar results were obtained for different particle sizes and particle-
surface distances. Sample results are presented in figures 4.6 and 4.7. Figure 4.6 shows 
comparisons for 20 nm diameter gold particle placed at a height of 50 nm from the 
surface. Figure 4.7 shows comparisons for a particle diameter of 50 nm, placed on the 
surface. Both the figures show an exact match. 
The computational time observed for the code was in the range of  seconds. The 
memory requirements were observed to be high when the number of particles was 
increased. The memory requirements of the code depend on the number of particles, the 
refractive index of the particles and the thin film. For particle numbers less than 15, the 
code was fully functional on a 512MB RAM personal computer. 
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Figure 4.5: Comparisons for a 20 nm diameter particle on surface. 
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Figure 4.6: Comparisons for 20 nm diameter particle placed at a height of 
50 nm from the surface. 
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Figure 4.7: Comparisons for 50 nm diameter particle placed on the 
surface. 
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-------------------------------- 
CHAPTER  
5 
------------------------------- 
 
 
 
Scattering Patterns of Nano-sized Particles on 
Substrates 
 
 
 
This chapter presents numerical results for gold and silver nano particles on a 
surface. Effects of particle number, size and orientation on scattering profiles are studied. 
A series of numerical simulations are presented to show the sensitivity of scattering 
profiles ( 11 12 33 34, , ,M M M M ) to particle shape, structure and size. 
 
5.1. Gold Properties 
Gold is long known for it stability and inertness at room temperature. For our 
applications, the most important parameter we need is the refractive index of gold, which 
is well documented in the literature. A gold substrate is thus used for numerical modeling 
purposes as well as for experimental evaluations. Variation of refractive index of gold 
over a range of wavelengths in visible spectrum is presented in Figure 5.1, the data for 
which was obtained from reference [50]. As we observed from this figure, the real part of 
refractive index of gold is less than unity at wavelengths greater than 500 nm and 
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continues to decrease through the infrared region. On the other hand, the imaginary part 
of the refractive index, which signifies absorption, increases sharply at wavelengths 
above 500 nm. Gold is highly absorbing in the red-infrared regions and is fairly 
transparent in the ultraviolet region and the regions below that. 
 
 
 
 Critical angle at quartz-gold interface is calculated using Snell’s law for various 
incident wavelengths in the visible region. The results are presented in Fig. 5.2. Quartz 
has a refractive index of 1.75. Gold has a maximum critical angle of 66.60 at 350 nm 
incident wavelength in the visible region and an angle of about 16.60 at 515 nm. An 
incident angle of 700 is used while obtaining contour plots of scattering profiles in order 
to ensure total internal reflection at all wavelengths. 
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Figure 5.1: Spectral variation of gold refractive index (n+ik). 
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5.2. Independent Scattering From Single and Multiple Gold Particles 
We first study scattering from single nano-sized gold particles placed on a thin 
gold film of thickness 20 nm. Then, we look at the independent scattering from multiple 
gold nano particles above gold film. The schematic of the problem we consider is 
presented in Figure 5.3, where, a group of particles is exposed to an exponentially 
decaying surface wave. Each particle is subject to varying EM wave amplitude along its 
cross section but the amplitude of EM wave incident at the center of the particle is 
considered owing to the small size of the particles. 
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Figure 5.2: Spectral variation of critical angle at glass-gold interface. 
 57
 
 
  Because of the nature of the surface wave, in this method, the scattering energy is 
negligible if the particle is too far (more than 500 nm) from the surface. Thin gold film of 
thickness 20 nm is assumed over a quartz substrate. The refractive index of the quartz 
remains fairly constant at 1.75 in the visible region. Scattering profiles for three different 
diameter particles placed on a thin gold film are compared and presented in Figure 5.4. 
(Please note that in this chapter and chapters succeeding it, the term scattering profiles 
refers to scattering profiles of the four parameters 11 12 33 34, , ,M M M M .) The incident 
wavelength is 515 nm and the angle of incidence is taken as 23.30. The refractive index of 
gold at this wavelength is 0.5+1.86i. At this angle of incidence of 23.30, it might not be 
possible to generate surface plasmons. But an evanescent wave field is generated over the 
quartz substrate that penetrates through the gold film, and is responsible for scattering 
from nano particles. For larger diameters, the scattered intensity is high, as seen from Fig 
5.4.,  M11, which is directly related to the scattered intensity, is about 100 times greater 
iα rα
sθ
Evanescent Wave Field
Thin gold film
Incident Wave
Total internal reflection
Scattered wave
Gold Particles
 
 
Figure 5.3: Schematic of independent scattering from small particles on or 
above a surface. 
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for a 50 nm diameter particle as compared to a 10 nm diameter particle. This is visible 
from the logarithmic plot of M11 profiles in Fig. 5.4. 
 
We now look at scattering from two different configurations. Model I-a in Fig 5.5 
shows particles of 10 nm diameter dispersed over the surface up to a height of 100 nm. 
Model I-b in Fig 5.6 shows particles of different sizes dispersed over the surface up to a 
height of 100 nm. Comparison of the scattering profiles is made for two cases when the 
particles are on a gold substrate and when they are on a quartz substrate, and the results 
are presented in Figure 5.7.  Scattering profiles are more distinct especially for the M12, 
M33, M34 parameters, which provide polarization information, when the particles are on 
gold substrate instead of quartz. However, the choice of a substrate depends on the 
requirements of the practical problem. 
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Figure 5.4:  Scattering profiles from particles of different diameters on the 
substrate.
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Figure 5.6: Model I-b. 
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Figure 5.5: Model I-a. 
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Figure 5.7: Scattering profiles for configuration shown in Model I-a on a gold 
substrate (Top) and on a quartz substrate (Bottom). 
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Figure 5.8: Scattering profiles for configuration shown in Model I-b on a gold 
substrate (Top) and on a quartz substrate (Bottom). 
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5.3. Dependent Scattering From Gold Nano Particles 
In the previous section, we investigated the scattering profiles from single gold 
nano particle and a group of particles effectively separated from each other to produce 
independent scattering. In this section, we look at dependent scattering from groups of 
particles interacting with each other. Figure 5.9 depicts Model II where two gold nano 
particles of same size are separated by distances equal to the multiples of the particle 
diameter, which, in this case is 20 nm. 
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Figure 5.9: Model II. 
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Figure 5.10:  Scattering profiles for two particle configuration  
(Model II). 
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The diameter of each particle for the configuration in Model II is 20 nm and the particles 
are separated by a distance equal to integral multiples (n) of 20 nm. When the particles 
are farther away, i.e., when n=15, the scattering intensity (M11) begins to decrease. The 
M11 profiles reach a peak at about 450 with a slight shift in the peak by about two-three 
degrees when the particles are separated from each other. There is also an accentuated 
peak at about 1450 when the particles are separated farther by a distance from the surface.  
 Next, we study a group of three particles placed together; they are for different 
monomer sizes 10nm, 20nm, and 50nm. The three particle Model is shown in Fig. 5.11. 
 
Fig. 5.12 shows comparisons for a single particle (Model I-a), two particles 
touching each other (Model II) and three particles (Model III-a) for a monomer size of 10 
nm. As we observe, there is a considerable difference in the peak values in the magnitude 
of M11 for the three cases considered at an angle of 400. The 12 33 34M M M scattering 
profiles vary in the 100-1800 region. For example, comparison of  M12 parameter at 1200 
and the M34 parameter at 1500 gives the difference between the three cases. Figures 5.13 
and 5.14 show the comparisons for the three cases (Models I, II, III-a) for monomer sizes 
of 20 nm and 50 nm respectively.  When the particle diameter is 50 nm, the magnitude of 
the M11 increases by about 1000 times.  As the number of particles increases, it can be 
seen that there is an increase in the magnitude of M11 values and the peak of the profile 
becomes sharper. But it can be observed that the magnitude of M11 values is more 
sensitive to the particle diameter compared to the number of particles. 
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Figure 5.11: Three particles on surface (Model III-a). 
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Figure 5.12: Scattering profiles for 10 nm diameter particles on surface. 
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Figure 5.13: M11 profile for 20 nm diameter particles on surface 
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Figure 5.14: M11 profile for 50 nm diameter particles on surface 
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Next, we consider the spectral variation of the scattering profiles in the visible 
spectrum. We compare the results for two different orientations of a group of three 
particles on surface in x-direction (Model III-a) and three particles in z- direction (Model 
III-b). Fig. 5.15 shows Model III-b, where three 20 nm diameter monomers are stacked in 
z-direction. 
 
 
 Figures 5.16 to 5.19 display comparisons of scattering profiles for the two 
different orientations (Model III-a and Model III-b), for a 20 nm diameter monomer size, 
over a range of wavelengths in the visible spectrum. All the plots are 2D contour plots 
that are obtained for an incident angle of 700 over a range of wavelengths. Our purpose is 
to investigate the orientation effects on the scattering profile and to identify which 
wavelength region would be preferable in order to obtain distinct and contrasting results 
via experiments. The contour plots for a singe sphere are uniform because of the 
symmetry. Hence we start with a group of particles in order to investigate the preferable 
wavelength region for diagnostics and the orientation effects on scattering patterns. 
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Figure 5.15: Three particles placed in Z-direction (Model III-b) 
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Figure 5.16: M11 results for three 20 nm particles placed on the surface in 
Model III-b (Top) and III-a (bottom) arrangements. 
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Figure 5.17: M12 results for 20 nm particles on the surface placed in Model 
III-b (Top) and III-a (Bottom) arrangements. 
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Figure 5.18: M33 results for 20 nm particles on the surface placed in Model III-b 
(Top) and III-a (Bottom) arrangements. 
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Figure 5.19: M34 results for 20 nm particles on the surface placed in Model    
III-b (Top) and III-a (Bottom) arrangements. 
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Figure 5.20: 11M  profiles for Model III-b, 20nm diameter monomer (Top), 
50nm diameter monomer (Bottom). 
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From Fig. 5.16, we note that the M11 profiles for the two orientations are 
considerably different. The concentration of contours around the wavelength region of 
550 nm suggests that this wavelength region is likely to provide contrasting results. For 
the experimental purposes, we considered an available laser line at the wavelength of 515 
nm. When the particles are arranged as in Model III-b, it can be seen from Fig. 5.16, that 
there are two distinct peaks in the M11 profiles at about 500-550 nm wavelength regions. 
When the particles are arranged as in Model III-a, the peaks in the M11 values are not as 
distinct as in the other case and there are more than two peaks in the 500-550 nm.  M12, 
M33, M34 profiles in these figures show significant difference with an occurrence of 
change of directionality of the profiles at about 550 nm. In Fig 5.17, we observe that, for 
Model III-b, the M12 profiles are concentrated strongly around a value in the 500- 750 nm 
wavelength regions, which is not the case for Model III-a. The case is same for M33, M34 
profiles as seen from Figures 5.18 and 5.19. The density of contours displayed by 
particles in configuration Model III-b is small in the 500-750 nm wavelength region 
when compared to those displayed by particle configuration in Model III-a. It seems that 
a combination of the contour plots of M11 and any other scattering parameter in the 
wavelength region of 550- 600 nm wavelength region can be combined to reveal the 
details of particle orientation The scattering intensities for the orientation in Model III-b 
are high compared to the orientation in Model III-a. This is probably because all the three 
particles of Model III-b are intercepted by the surface wave resulting in scattering from 
all the three particles.  
Fig. 5.20 shows the spectral variation of the M11 profile for the configuration in 
Model III-b for two different monomer sizes, 20 nm and 50 nm. As we observe from the 
figure, there is a shift in the contour lines for the two cases with the shift being towards 
the red-region (632 nm) when the monomer diameter is 50 nm. This red shift is important 
to distinguish the size of the particle. 
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For a more detailed study of scattering profiles of spherical particles, square and 
pyramid shaped configurations are presented. Figure 5.21 shows spherical particles 
arranged in the form of a square of four different sizes. The results for these four models 
are presented in Figure 5.22. 
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dm
Model IV-a
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dm
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Figure 5.21: Spherical particles arranged in the form of squares.
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 As expected, as the number of particles increased, the scattering intensity also 
increased. Interestingly, a dominant second peak at about 1500 appears as the number of 
particles with in the square matrix increases. When we investigate the M11 profile for 
particles in Model IV-d, where there are 25 particles, we see that the increase is not 
exponential compared to that displayed by particles in Model IV-b, where there are only 
9 particles. A possible explanation is that in Model IV-d, only 5 particles are exposed 
effectively to the surface wave and the rest of the particles have secondary scattered 
radiation incident on them, which can be negligible. In Model IV-b, only three particles 
have the surface wave directly incident on them. Effectively, the scattering from the 
particles on which the surface wave is directly incident produce most of the scattering 
effects. This is clear from the M12, M33, M34 profiles, which do not show a considerable 
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Figure 5.22: Scattering profiles for particle configurations IV-a, IV-b, IV-c 
and IV-d. 
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change although there is a large increase in the number of particles. There is a change in 
magnitude of the parameters at particular angles such as 1000 for M12, 1200 for M33, and 
1500 for M34 profiles. Observations at these angles would prove helpful in distinguishing 
particle configurations.  
Fig. 5.23 shows two different models where spherical particles placed in the form 
a triangle. 
 
 
 
 Model V-a consists of  six spherical particles and Model V-b consists of 10 
spherical particles of diameter 20 nm each. Scattering profiles from the two models are 
compared with each other along with the scattering profiles from a single particle and a 
linear chain of ten particles. The results are presented in Fig. 5.24. The results for the M11 
parameter are plotted on a logarithmic scale. M11 values for the case in Model V-b, where 
there are ten particles, are about 10 times greater in magnitude compared to those for the 
case in Model V-a, where there are six particles. This change of magnitude was not seen 
when the particles were arranged in the form of a square (Models IV). The scattered 
intensity is also higher when the particles are arranged in the form of a triangle instead of 
a linear chain. This particular configuration causes more intensity to be scattered. 
 
dm 
dm
Model V-a Model V-b 
Figure 5.23: Spherical particles arranged in triangular shapes 
(Models V-a, V-b). 
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It can be observed that the parameters M12, M33 and M34 also follow similar but distinct 
paths. By comparing these three profiles at about 1200 we may deduce the number of 
particles in the configuration.  
5.4. Scattering Patterns for Silver Particles on a Substrate 
 
In the previous sections, scattering profiles for gold nano particles on a gold 
substrate were presented for the four elements of scattering matrix ( 11 12 33 34, , ,M M M M ). 
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Figure 5.24: Scattering profiles for configurations in Models V-a and V-b. 
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This section presents results for silver and gold nano particles placed on a gold substrate 
for the same configurations presented in the previous sections. 
Figure 5.25 shows the spectral variation of silver refractive index in the visible region 
[50]. Within this range, the real part of the refractive index stays almost a constant, yet 
the imaginary part increases drastically from 0.92 to 5.3. Obviously this explains why 
silver becomes highly absorbing at wavelengths near infrared region. 
 
 
 
 
 Figure 5.26 shows scattering profile comparisons for gold and silver particles. 
The diameter of the particle is 20 nm and the particle is placed on a 20 nm thick gold film 
in both the cases. The incident radiation had a wavelength of 515 nm incident at an angle 
of 23.30. It is observed that the magnitude of 11M  profiles is higher in magnitude for gold 
particles than for silver particles. For a single particle, 11M  is more sensitive to the type 
of particle. The other parameters ( 12 33 34, ,M M M ) are very similar.  
Figure 5.27 shows scattering profiles for two particle configuration shown in 
Model-II. The results were obtained for a diameter of 20 nm with the thickness of gold 
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Figure 5.25: Spectral variation of silver refractive index 
 78
film being 20 nm. The incident wavelength is 515 nm with an incident angle of 23.30 at 
the quartz-gold interface. These profiles are different compared to profiles from gold 
particles (Figure 5.12) as the intensities are higher in this case when the particles are 
nearer to each other.   
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Figure 5.26: Comparisons of Mij parameters for gold and silver particles 
on a surface. 
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 Figure 5.28 depicts the scattering profiles for three silver particles placed on the 
gold film in x and z directions as shown in Models III-a and III-b. For silver particles, the 
profiles for the two cases are very different. There is a strong second peak in the 150-
1700 range for 11M  that is characteristic of particles placed at a distance from the surface. 
In this case, the peak is more dominant and sharp. All the four scattering profiles show a 
considerable difference in their profiles owing to the orientation of the particles. This also 
shows that the profiles are very sensitive to the particle orientation. 
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Figure 5.27:  Two 20 nm diameter silver particles placed on the surface. 
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 Scattering profiles for gold and silver nano particles for different configurations 
are compared over a range of wavelengths. Figure 5.29 shows the 11M  profile 
comparisons for particle configuration in Model III-a . The radiation is incident at an 
angle of  700 at the quartz-gold interface for all the contour plots presented. It is observed 
that gold particles have strong peaks in the 550 nm wavelength region where as silver 
particles have a peak in the 350 nm wavelength region. The real part of refractive index 
of silver is 1.74 at 300 nm that matches the refractive index of quartz. Therefore, the 
effect of transmitted light is clearly observed in the plot. Figures 5.30 to 5.32 depict the 
scattering profiles for the other three scattering elements. 
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Figure 5.28: Scattering profiles for silver particles in Models III-a and III-b. 
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Figure 5.29: M11 profiles for configuration in Model III-a, gold particles (top) and 
silver particles (bottom). 
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Figure 5.30: M12 profiles for gold (top) and silver (bottom) particle configurations 
presented in Model III-a. 
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Figure 5.31: M33 profiles for gold (top) and silver (bottom) particle configurations 
presented in Model-III a. 
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Figure 5.32: M34 profiles for gold (top) and silver (bottom) particle configurations 
presented in Model III-a. 
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Figure 5.33: M11 contour plots for gold (top) and silver (bottom) particle 
configurations shown in Model III-b. 
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Figure 5.33 depicts the 11M  contour plots for particle configuration shown in 
Model-III b. We compare the results for three 20 nm diameter particles placed on the 
gold film for an incident angle of 700. It is seen that even though the particle orientation 
and the number of particles are different, silver and gold particles exhibit distinct 
scattering patterns in particular wavelength regions.  We observe from the 11M  values in 
Figures 5.29 and 5.33 that gold particles exhibit strong scattering in the 550-600 nm 
range, whereas silver particles exhibit strong scattering in the 300-400 nm range. This is 
because of the resonance effects characteristic to the particle properties, size and number 
[12]. From Figure 5.29, silver particles exhibit a single peak in their 11M  values in the 
500-550 nm wavelength regions whereas their gold counter parts exhibit two peaks. This 
is also clear from Figure 5.33 where gold particles exhibit two clear and distinct peaks 
only in the 500- 550 nm wavelength region. Here we also see that the contours for gold 
particles are concentrated between 530-600 nm wavelength regions whereas silver 
particles exhibit a uniform, dual peak contour distribution in the 350-550 nm wavelength 
region.   Figures 5.30-5.32 display the comparisons for other scattering 
parameters 12 33 34, ,M M M . It is clear that the scattering patterns of gold are different from 
the scattering patterns of silver. The difference is observed most clearly in the 500-700 
nm wavelength region. It is seen that the density of concentration of contours for gold 
particles is higher between 500-550 nm and 650-700 nm wavelength regions for all the 
three parameters M12, M33 and M34. Silver particles show very low or negligent gradient 
of contours in these regions compared to their gold counter parts. These distinct 
differences allow us to distinguish between gold and silver particles easily from the 
contour plots.  
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6 
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Conclusions and Future Work 
 
 
 
6.1. Conclusions 
Characterization of nano sized particles suspended in a medium via direct 
incidence of visible light is not possible due to their small sizes compared to the wave 
length of the incident light.Yet, the work presented in this thesis shows that it is indeed 
possible to use the scattering patterns of individual nano particles and structures over a 
surface to distinguish and characterize them. The results of this study show that the 
surface waves (evanescent waves/surface plasmon polaritons) are the most plausible way 
to characterize nano particles on surfaces in real time. 
 The theoretical framework presented here is based on a new hybrid approach 
developed by combining the T-matrix method, the image theory and the double 
interaction model. The only assumption made is that a homogenous wave is incident on 
the particle; in reality an exponentially decaying wave should be considered. Since the 
size of the particles is very small (less than 100 nm), this not a completely unreasonable 
assumption and can be used to lead the experimental efforts.  
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Numerical results are presented for four elements of the scattering 
matrix, 11 12 33 34, , ,M M M M . Among these, 11M  is directly related to the intensity of the 
scattered light, and the other elements are related to different polarization settings, as 
discussed in the literature [13]. The scattering profiles for all the four parameters vary as 
a function of particle size, shape, orientation and refractive index. The profiles are also 
sensitive for the type and thickness of the substrate present underneath the particles. This 
sensitivity of profiles makes it possible to differentiate particle properties based on their 
scattering patterns.  
 The scattering profiles show a distinguished peak at particular angles and for 
some cases where, the change in the magnitude of the peak is quite considerable (For 
example see Figure 5.13). An interesting observation is that the 11M  profiles display a 
peak in 30-500 angle range for all cases of particle configurations considered. It is also 
observed that the magnitude of 11M  is more sensitive to particle diameter than to the 
number of particles. Also observed is the fact that when the particles are placed away 
from the surface or when the particles are heaped on the surface, there is a dominant peak 
in 11M  profiles at about 165
0 range.  
The present results also reveal that independent and dependent scattering from 
particles can potentially be distinguished. Figure 5.10 depicts the 11M  profiles for two 
particles separated by a distance. When the two particles are separated from each other by 
a large distance (300 nm), they can be assumed to scatter independently. As we notice, 
the 11M  profile for this case is different in the 150-170
0 range compared to the case when 
the particles are touching each other. This, along with the difference in the other three 
parameters can be useful in distinguishing independent and dependent scattering from 
particles. 11M  profiles play an important role in analyzing particle scattering although the 
other parameters may also be used to distinguish patterns from a large number of 
particles. 
 The contour plots are presented in Chapter 5 to show the spectral variation of 
scattering patterns for all the parameters. It is observed that there is a concentration of 
contours in the 500-550 nm range (for gold particles) with a shift, for a variation in the 
size of the particle. The contour plots vary significantly for a change in the orientation of 
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the particles (See figures 5.16-5.19). Using these results, it can be concluded that for 
experimental studies, an incident wavelength in the range of 500-550 nm would provide 
distinguishable results for gold particles.  For silver nano particles, on the other hand, the 
concentration of contours is in the 350-450 nm wavelength region, meaning a shorter 
wavelength light source would be a better choice for the experiments. Comparison of the 
contour plots for the four parameters for gold and silver particles show that it is possible 
to distinguish the type of particle by observing the contour plots in certain wavelength 
regions (from Figures 5.28-5.33).  
It seems possible to distinguish and characterize particles based on the scattering 
patterns of the four scattering-matrix parameters presented in this work. An experimental 
system is currently being built at the Radiative Transfer Laboratory, which takes into 
account the findings presented in this work. 
6.2. Future Work 
 There is a significant potential, impact and extension of this work. For example, 
the numerical model presented here is valid for 2D agglomerate structures. It can be 
extended, to accommodate 3D structures, although this endeavor might need considerable 
time and effort. The accuracy of the numerical model is not verified due the lack of the 
availability of standard results; only verification made is for single spherical particle case 
where standard results (from Lorenz-Mie theory) are available. The model also needs to 
be verified against experimental results for simple cases to check for its accuracy.   
The model presented is particularly suitable for smaller particles. Yet, it can also 
be extended to accommodate slightly larger particles, upto the range of a few 
micrometers. Results are presented only for spherical particles and structures composed 
of spherical particles. This choice is because the T-matrix could only be obtained for 
spherical particle agglomerates. However a similar methodology can be considered for 
particles of random shapes, and can be adapted as long as a T-matrix can be generated for 
different cases. In principle, the numerical model is thus applicable to agglomerates and 
structures of any shape. Therefore, it is desirable to have future efforts to generate 
scattering profiles for particle shapes other than spherical. The ultimate model, however, 
would be the one that would generate T-matrix for a variety of shapes and thus could be 
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used to calculate the scattering profiles for all the parameters of the scattering matrix for 
any three-dimensional structure. Such a model could be predicted to require large 
computational memory and time. Such a model would be crucial to integrate the 
theoretical lead with the experimental set up to characterize nano particles on surface and 
to provide the end user with the shape information and properties of unknown particles. 
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